
Pre-class Warm-up!!!
Which of the following results have we already 
seen in a previous section, to do with a path  c : 
[a,b] -> R^n  and a vector field  F  on  R^n ?

a.  If  F = grad f  then                      = f(c(b)) - f(c(a))

b.  If                 = f(c(b)) - f(c(a))  

for some function  f  then  F = grad f

c.  If  F = grad f  then                    does not depend 
on the particular choice of path from  c(a)  to  c(b)

d.  When  n = 3,  if  F = grad f  then  curl F = 0

e.                   does not depend on the particular 
choice of path from  c(a)  to  c(b)
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Section 8.3 Conservative vector fields

What we learn:
• a more complete angle on the gradient 

vector fields we have already studied
• path-independence
• another way to find a potential function 

whose gradient the field is
• a criterion for when a vector field is 

conservative
• slightly more elaborate applications, 

similar to what we have seen before



Theorem 7.
Let  F  be a vector field on  R^n .  The following 
are equivalent:

(ii)  For any two oriented curves  C_1  and  C_2  
that have the same end points

(iii) F  is the gradient of some function  f

(i)  For any oriented simple closed curve  C ,  

(iv)  (assuming  n = 3 )  curl F = 0

We have seen before?

• (ii) => (iii)              Yes No

• (iii) => (ii)               Yes No

• (i) => (ii) Yes No

• (ii) => (i) Yes No

• (iii) => (iv) Yes No

• (iv) => (iii) Yes No

Definition: a vector field satisfying (ii) is called 
conservative
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Comments on:

(iii) F  is the gradient of some function  f
<=>
(iv)  (assuming  n = 3 )  curl F = 0

2-dimensional version

Theorem: When  n = 3,  given a vector 
field  F  we can write  
F = curl G  <=>  Div F = 0

If FiR-R then

F = (1 ,z) = If

We don't really prove (iv) -> (in)
> - = 0

If F = (8 of ,) then
Recall : X-(xF) = 0 .

-xF = (ooe - Is > 7
factI he natial derivatives extit

=dy
Thus PxF = (0 , 0
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Questions (like 1 - 4, 17, 18):

Determine if the vector field
F(x,y,z) = (-2+4y, -4x, 0)
is a gradient vector field. If it is, find a function  
f  so that  F = grad f.
Determine whether  F = curl G  for some 
vector field G (but do not find G).

Solution

XxF = (8 - (4x) , 0 - 0 , -4- 4)
40 so FFYF for some f .

8 - F = (2+xy)+674x)+6(0)
= 0

so F
= XxG for some G ,



Comments on:

(ii)  For any two oriented curves  C_1  and  
C_2  that have the same end points

<=>

(iii) F  is the gradient of some function  f

define f(x) = ↑E .ds where <
C

is any path from ito-
We have to show Of = F .
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We have a new way to compute a potential 
function  f  for  F  when  F  is conservative, 
but in practice it is not an improvement on 
the way we have already seen.

Example:  Find  f  so that  F = grad f  when
F(x,y,z) = (e^x sin y, e^x cos y, z^2).

Example: Find 

when  c(t) = (t, e^(sin t)),  0 ≤ t ≤ π)  and
F(x,y,z) = (y, x)

! E .d

solution
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Solution : Use metod we already I
= Pf Whee
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Comments on

(ii)  For any two oriented curves  C_1  and  C_2  
that have the same end points

<=>

(i)  For any oriented simple closed curve  C ,  

-lates
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Let C be a curve from I to

MI Take C
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that is constant at v.


